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Abstract
We study M˜-semi-static homoclinic orbits to Aubry sets in positive definite Lagrangian systems.
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1. Introduction
By using variational method, the authors [4] showed that there are infinitely many homoclinic
orbits to some Aubry set in time-periodic positive definite Lagrangian systems under the con-
dition that the first relative cohomology group of the projected Aubry set is nonzero. One orbit
is called M˜-semi-static if the lift of it to the covering space M˜ is semi-static. Note that most of
these homoclinic orbits constructed in [4] are not M˜-semi-static. In fact, the authors only proved
that one of them is M˜-semi-static. In this paper, we will only consider M˜-semi-static homoclinic
orbits to Aubry sets. We obtain two results in this paper. In Theorem 1 we study the relations
between M˜-semi-static homoclinic orbits to some Aubry set and Aubry sets associated to the
cohomology class on the boundary of the intersection of the flat of Mather’s α function and the
first relative cohomology group of the Aubry set. In Theorem 2 we extend the Lipschitz graph
property from Aubry set to a bigger set, i.e., the union of Aubry set and some M˜-semi-static
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Aubry sets with respect to the cohomology classes.
2. Statement of the results
Let M be a closed (i.e., compact, without boundary) and connected C∞ Riemannian man-
ifold. We assume that a time 1-periodic C2-Lagrangian L :TM × T → R (here T = R/Z is
the circle) satisfies positive definiteness, superlinear growth and completeness as introduced by
Mather in [1,8,9]. This is the setting of Mather’s theory.
Let A˜c (the set of c-static orbits), N˜c (the set of c-semi-static orbits) be the Aubry set and
Mañé set associated to the cohomology class c ∈ H 1(M,R) respectively and Ac , Nc be the
projection into M × T accordingly. Invariant measures supported in A˜c are called c-minimal
measures and the closure of the union of supports of all such c-minimal measures is the so-called
Mather set M˜c. The projection into M × T of M˜c is denoted byMc accordingly. When c = 0,
we omit their subscripts. Let β , α be the Mather’s β-function and α-function respectively [9].
Without loss of generality, we may assume that α(0) = β(0) = 0. Consequently, α(c)  0 for
any c ∈ H 1(M,R). For c ∈ H 1(M,R), let the flat Pc be the maximal closed set containing c
such that α|Pc is an affine function. Clearly, Pc is a convex subset of H 1(M,R). We use P to
denote P0 and V (Pc) to denote the underlying vector space of the affine subspace generated by
Pc in H 1(M,R). Clearly, P ⊇ {c: α(c) = 0}. As P contains the origin, V (P) is the vector space
generated by P . An exact statement of this paragraph is given in [1].
The relative cohomology group H 1(M × T,A,R) is defined as the set of de Rham coho-
mology class [λ], here λ is closed 1-form on M × T with supp(λ) ∩A = ∅. So we can regard
H 1(M × T,A,R) as the subgroup of H 1(M × T,R).
Clearly, we can choose a sufficiently small neighborhood U of A in M × T such that
H 1(M×T,A,R) is equivalent to the set of the de Rham cohomology class [λ] of closed 1-form λ
with λ|U = 0. We denote the space consists of [λ]M , here λ is a closed 1-form on M × T with
λ|U = 0 and [λ] = ([λ]M, [λ]T) ∈ H 1(M,R)× R, by F .
Throughout this paper we also assume that M˜ is uniquely ergodic (this is a generic condition
as Mañé showed in [6]) and H 1(M × T,A,R) 	= 0.
Note that A is connected since M˜ is uniquely ergodic [4,5]. We let M˜ be the covering space
of M defined by
π1(M˜) = Ker
(H :π1(M) → H1(M,R)),
where H denotes the Hurewicz map [11]. Let π : M˜ → M be the projection and the Deck trans-
formation group is
Hˆ1(M,Z) = Im
(H :π1(M) → H1(M,R)).
Still let π : M˜ × R → M × T be the corresponding covering with transformation group
H = Hˆ1(M × T,Z) = Hˆ1(M,Z) × Z.
Let K = i∗(Hˆ1(U,Z)) ⊂ H and H/K = G(U), here U is a connected neighborhood of A
in M ×T. So G is nontrivial and rankG = dimH 1(M ×T,A,R) if we choose connected neigh-
borhood U sufficiently small.
In this paper, we use U to denote the neighborhood of A in M × T such that rankG =
dimH 1(M × T,A,R).
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a
L(γ (t), γ˙ (t), t) dt and denoted by A(γ ). We say a C1 curve is M˜-semi-static if the lift of
it to M˜ is semi-static in M˜ . That is to say, a curve ξ :R → M is an M˜-semi-static curve if the lift
of ξ to M˜ , denoted by ξ˜ , satisfies the following condition:
A(ξ˜ |[a,b]) = inf
t ′=a mod 1, t ′′=b mod 1
min
ζ˜∈Cac([t ′,t ′′],M˜)
ζ˜ (t ′)=ξ˜ (a), ζ˜ (t ′′)=ξ˜ (b)
t ′′∫
t ′
L
(
ζ˜ (t),
˙˜
ζ (t), t
)
dt
for any [a, b] ⊂ R, here, and in the following, Cac denotes the set of all absolutely continuous
curves.
For an absolutely continuous curve γ :R → M , we say it is action bounded if there exists a
constant K such that A(γ |[a,b])K for any [a, b] ⊂ R. In [4], we proved that all action bounded
M˜-semi-static orbits are homoclinic to A˜.
Since we assume that H 1(M × T,A,R) 	= 0, by the theory of coverings (see, for example,
[11]), we know that π−1(U) ⊂ M˜ × R is not connected. Moreover, the connected components
of π−1(U) are in one-to-one correspondence with the elements of the group G.
If (γ (t), γ˙ (t), t) is a homoclinic orbit, then there exists t0 > 0 such that (γ (t), t) ⊂ U when
|t | > t0. So (γ (t), t)|[−t0,t0] determine an element [(γ (t), t)] in G. This element is defined by
〈[λ]M, [(γ (t), t)]M
〉+ [λ]T = 〈[λ], [(γ (t), t)]〉=
∫
(γ,t mod 1)
λ,
for all closed 1-form λ on M × T with λ|U = 0. For simplicity of notations, we also denote
[(γ (t), t)] by [γ ]. Let G′ be the group consisting of [γ ]M , here [γ ] ranges over the group G.
Clearly, G is isomorphic to G′ and in the following we denote them by same symbol G.
Massart [7] has proved that F ⊆ V (P), see also in [1]. We will give a simplified proof in
Section 4. In this paper we use ∂ and Int to denote the boundary and interior of a set respectively.
For g ∈ G, define
h(g) = lim inf
n→+∞ minγ∈Cac([0,n],M)
γ (0)=γ (n)∈M|t=0, [γ ]M=g
n∫
0
L
(
γ (t), γ˙ (t), t
)
dt.
Clearly, h(0) = 0, h(g) > 0 for any g 	= 0. For c ∈ F , let hc(g) = h(g) − 〈c, g〉. For any c ∈
∂(F ∩P), inf{g|〈c,g〉>0} hc(g) 0. Now we can state our main results.
Theorem 1. Assume that M˜ is uniquely ergodic and H 1(M × T,A,R) 	= 0. Let c ∈ ∂(F ∩P),
we have the following results:
(1) A˜ A˜c.
(2) If hc(g) = 0 for some g 	= 0, there exists at least one M˜-semi-static orbit in A˜c homoclinic
to A˜.
(3) If hc(g) > 0 for any g 	= 0, there exists at least one invariant measure supported in A˜c \ A˜.
(4) Moreover, if inf{g|〈c,g〉>0} hc(g) > 0, there exists a neighborhood U ′ ofA in M ×T such that
(Ac \A)∩U ′ = ∅.
(5) If (A˜c1 ∩ A˜c2) \ A˜ 	= ∅, here c1, c2 ∈ ∂(F ∩ P), then c1, c2 must lie in a same supporting
plane of ∂(F ∩P).
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result is clearly true since F = V (P) in this case:
Corollary 1. For any c ∈ ∂P , there exist at least one M˜-semi-static orbit in A˜c or one c-minimal
measure supported in A˜c. Moreover, if c1, c2 ∈ ∂P and (A˜c1 ∩ A˜c2) \ A˜ 	= ∅, then c1, c2 must
lie in a same supporting plane of ∂P .
This is to say, if, for example, P is a polyhedron with k faces and there are no additional min-
imal measures in A˜c for any c ∈ ∂P , then there exist at least k M˜-semi-static homoclinic orbits
to A˜ and each of them is c-semi-static for some c ∈ ∂P . It is the case for generic Lagrangian
when M = T [9].
For c ∈ ∂(F ∩P), if min{g|〈c,g〉>0} hc(g) exists, let
Gc =
{
g′ ∈ G ∣∣ 〈c, g′〉 > 0, hc(g′) = min{g|〈c,g〉>0}hc(g)
}
,
and let hc(Gc) = min{g|〈c,g〉>0} hc(g). Let H˜c denote the union of (γ (t), γ˙ (t), t mod 1)), here
(γ (t), γ˙ (t), t) ranges over all M˜-semi-static homoclinic orbits to A˜ with [γ ]M ∈ Gc . Then we
have:
Theorem 2. Let c ∈ ∂(F ∩P), then π : A˜c ∪ H˜c (into M˜) is injective and has Lipschitz inverse.
3. Discussions on function h
We will present two propositions in this section. Proposition 1 is devoted to study the proper-
ties of h and Proposition 2 establishes a relation between extremal elements (the definition will
be given after the end of the proof of Proposition 1) of G and existence of M˜-semi-static homo-
clinic orbits. The definition of function h and the following Propositions 1 and 2 are motivated
partially by Bolotin, he studied these in some special cases [2,3].
Proposition 1. For the function h :G → R, we have:
(1) h(g1)+ h(g2) h(g1 + g2);
(2) infg∈G\{0} h(g) > 0;
(3) {g | h(g) C} is finite for any C > 0.
Proof. The first result is obviously true and we omit the proof.
If the second result is false, then there exists a sequence gi in G with h(gi) → 0 as i → ∞. So
there exists a sequence of C1 curves γi : [0, Ti] → M with γi(0) = γi(Ti) ∈M|t=0, [γi]M = gi ,
Ti → +∞ as i → +∞ and A(γi) → 0. We may choose a sufficiently small (for example, as
in the definition of the group G), connected neighborhood U of A in M × T. Denote the first
intersect point of (γi(t), t mod 1) with ∂U by (γi(τi), τi). As the boundary of U is compact
and |γ˙i (t)|K for all t ∈ [0, Ti] and all i ∈ Z+, here K is a positive constant independent of i,
we can assume (γi(τi), γ˙i(τi), τi)) → (x, v, τ ) by passing to a subsequence. Then φt (x, v, τ )
is an action bounded M˜-semi-static orbit, it implies that φt (x, v, τ ) is a homoclinic orbit to A˜.
The semi-continuity of the action [8] implies that h([π ◦ φt (x, v, τ )]M) = 0. Note that [π ◦
φt (x, v, τ )]M 	= 0. It contradicts to the fact h(g) > 0 for any g 	= 0.
Now we prove the third part of this proposition. Otherwise, there will exist a sequence gi
such that h(gi) → C′ as i → +∞, here C′ > 0 is a constant. Then there exists a sequence of
C1 curves γi : [0, Ti] → M with γi(0) = γi(Ti) ∈M|t=0, [γi]M = gi , Ti → +∞ as i → +∞
X. Cui, X. Li / J. Math. Anal. Appl. 331 (2007) 947–957 951and A(γi) → C′. We choose a small connected neighborhood U of A in M × T and denote
the first intersect point of (γi(t), t mod 1) with ∂U by (γi(τi), τi). Similarly, |γ˙i (t)|K for all
t ∈ [0, Ti] and all i ∈ Z+, here K is a positive constant independent of i, and we can assume
(γi(τi), γ˙i (τi), τi) → (x, v, τ ) ∈ ∂U by passing to a subsequence. Then φt (x, v, τ ) is an action
bounded M˜-semi-static homoclinic orbit and [π ◦ φt (x, v, τ )]M 	= 0. Moreover, we have
limh
(
gi −
[
π ◦ φt (x, v, τ )
]
M
)= C′ − h([π ◦ φt (x, v, τ )]M
)
 C′ − inf
g∈G\{0}h(g),
here, the first equality follows from the semi-continuity of the action [8]. Now we can operate the
above procedure on the sequence gi − [π ◦ φt (x, v, τ )]M and this process can be done infinitely
often. But it is absurd since infg∈G\{0} h(g) > 0. So we prove the this proposition. 
A nonzero g ∈ G is called to be extremal if h(g) < h(g1)+ h(g2) for any g1 	= 0, g2 	= 0, and
g = g1 + g2. In [4], the authors have proved the existence of M˜-semi-static homoclinic orbits
to A˜. In fact, it is an immediate consequence of the following proposition that there exist at least
dimH 1(M × T,A,R)+ 1 M˜-semi-static homoclinic orbits to A˜.
Proposition 2. For any extremal g ∈ G, there exist at least one M˜-semi-static homoclinic orbit
to A˜ such that [γ ]M = g.
Proof. We may choose a sequence of C1 curves γi : [0, Ti] → M with γ0 = γTi ∈Mt=0 and
[γi]M = g such that A(γi) < h(g)+ 1/i. Clearly, there exists a constant K such that |γ˙ (t)|K
for t ∈ [0, Ti] and all i. Then there exists an action bounded M˜-semi-static curve γ with [γ ]M 	= 0
such that γi converges (in the C1 topology) to γ in any compact interval of time by passing to
a subsequence. It easily to see that [γ ]M = g since h([γ ]M) + h(g − [γ ]M) = h(g) and g is
extremal. 
Obviously, G has at least dimH 1(M × T,A,R) + 1 extremal elements. Consequently, there
exist at least dimH 1(M × T,A,R)+ 1 M˜-semi-static homoclinic orbits to A˜.
4. Two propositions of Massart
Now we give two propositions of Massart [7], see also in [1]. The first proposition implies that
α function has a nontrivial plateau P if H 1(M × T,A,R) 	= 0, and we will give the proof with
slight modifications. The second proposition plays a crucial role in the proof of the first result of
Theorem 1, and we omit the proof.
Proposition (Massart). F ⊂ V (P).
Proof. Assume that λ|U = 0, here U is a neighborhood of A in M × T, [λ]M = c. As N =A,
then there exists a small 0 < δ ∈ R such that A±δc ⊂ U. So
−α(±δc) = inf (A(γ )− 〈±δc, [γ ]M 〉)
= inf (A(γ )− (〈±[δλ], [γ ]〉− [±δλ]T))
= inf (A(γ )− [∓δλ]T)
= [∓δλ]T,
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Note that α(c) 0 for all c ∈ H 1(M,R) since α(0) = β(0) = 0. Then α(±δc) = 0 and proposi-
tion follows. 
Proposition (Massart). A˜c1 = A˜c2 for any c1, c2 ∈ IntPc. If A˜c1 ∩ A˜c2 	= ∅, then c1 and c2 lie
in the same flat Pc for some c.
The proof of this proposition (see [1,7]) will be omitted. To apply this result to our case, we
operate a slight modification on this proposition:
Lemma. A˜= A˜c for any c ∈ Int(F ∩P). If A˜c1 ∩ A˜c2 	= ∅, then c1 and c2 lie in the same flat Pc
for some c.
5. Proof of Theorem 1
At first, we prove the first result of Theorem 1: for any c ∈ ∂(F ∩ P), A˜  A˜c. Otherwise,
A˜c = A˜. It implies M˜c is uniquely ergodic, consequently we have
N˜c = A˜c = A˜.
Assume λ|U = 0 and [λ]M = c, here, U is a neighborhood ofA, then by the semi-upper continu-
ity of set-valued function c →Nc, there is a 0 < δ ∈ R such thatNlc ⊂ U when l ∈ (1−δ,1+δ).
In this case Alc =A for any l ∈ (1 − δ,1 + δ). The lemma in Section 4 tells us that it is absurd
and this proves the first result of Theorem 1.
Clearly, hc(g) 0 and hc(0) = 0 for c ∈ ∂(F ∩P). There exist two cases: hc(g) = 0 for some
g 	= 0 or hc(g) > 0 for any g 	= 0. We will consider these two cases one by one.
If there exists a g 	= 0 such that hc(g) = 0, then {g: hc(g) = 0} is a nontrivial semigroup. In
this semigroup, there must be some extremal elements, so there exist M˜-semi-static homoclinic
orbits corresponding to which. Clearly, these homoclinic orbits are in A˜c. It proves the second
result of Theorem 1.
Recall
Gc =
{
g′ ∈ G ∣∣ 〈c, g′〉 > 0, hc(g′) = min{g|〈c,g〉>0}hc(g)
}
for c ∈ ∂(F ∩P) and hc(Gc) = min{g|〈c,g〉>0} hc(g). It should be noted that Gc may be an empty
set, this is the case that min{g|〈c,g〉>0} hc(g) does not exist. If hc(Gc) = 0, then ming 	=0 hc(g) = 0,
i.e., there exist g 	= 0 such that hc(g) = 0. Conversely, if hc(Gc) > 0, then ming 	=0 hc(g) > 0.
If hc(Gc) > 0, then for any g ∈ Gc, g is extremal. So there exists at least one M˜-semi-static
homoclinic orbit γ with [γ ]M = g ∈ Gc. If hc(Gc) = 0, then Gc is a semigroup and Gc contains
extremal elements.
Now we prove the fourth result of Theorem 1: if inf{g|〈c,g〉>0} hc(g) > 0, there exists a neigh-
borhood U ′ of A in M × T such that (Ac \A) ∩ U ′ = ∅. Otherwise, we choose U ′ ⊂ U small
enough such that
ρc
(
(m1, τ ), (m2, τ )
)
<
1
4
inf{g|〈c,g〉>0}hc(g)
for any (m1, τ ) ∈M, (m2, τ ) ∈ U ′, here ρc is the pseudo-metric on Ac defined by Mather [10].
Then there exist a curve γ ∈ Ac \ A and t0 ∈ R such that γ (t0) ∈ U ′. Choose a sequence
X. Cui, X. Li / J. Math. Anal. Appl. 331 (2007) 947–957 953Tk → ∞ of integers, we can construct a closed, piecewise C1 curve γk with γk|[t0−Tk,t0+Tk] =
γ |[t0−Tk,t0+Tk] and A(γk) − 〈c, [γk]M 〉 → 0. We claim that when k is large enough, we have
〈c, [γk]M 〉 > 0. In fact, γk is C1 converging uniformly to γ on any compact interval. Since
γ /∈ A, so lim infA(γk) > 0 and the claim follows. We let γ± be the forward (or backward)
semi-static from γ (t0) respectively (i.e., γ+|[t0,∞) and γ−|(−∞,t0] are semi-static curves and
γ±(t0) = γ (t0)). Then for some k large enough, we can construct a curve ξ = γ− ◦ γk ◦ γ+ with
〈c, [ξ ]M 〉 > 0 homoclinic to A and
lim inf
lim ξ(t ′i )=lim ξ(−ti )=x∈M|t=0
t ′i∫
−ti
L
(
ξ(t), ξ˙ (t), t
)
dt − 〈c, [ξ ]M 〉< inf{g|〈c,g〉>0}hc(g),
here, ti , t ′i are positive integers. It contradicts to the definition of Gc and the fourth result of
Theorem 1 is proved. Clearly, in this case, there exist invariant measures supported in A˜c \ A˜.
So for the proof of the third result of Theorem 1, we only need to show that in the case
infg 	=0 hc(g) = 0, i.e., inf〈c,g〉>0 hc(g) = 0 and hc(g) > 0 for any g 	= 0, there also exists invari-
ant measure supported in A˜c \ A˜. In fact, in this case we can choose a sequence of C1 curves
γk : [0, Tk] → M with [γk]M → ∞, γk(0) = γk(Tk) ∈M|t=0 and Ac(γk) → 0. By the super-
linear growth of the Lagrangian, there exists a constant K > 0 (independent of k) such that
|γ˙k(t)|K for all t . Denote the first intersect point of (γi(t), t mod 1) with ∂U by (γi(τi), τi).
As the boundary of U is compact and |γ˙i (t)|K for all t ∈ [0, Ti] and all i ∈ Z+, here K is a
positive constant independent of i, we can assume (γi(τi), γ˙i(τi), τi)) → (x, v, τ ) by passing to
a subsequence. Then φt (x, v, τ ) is c-static orbit. Assume that M˜ is contained in the α-limit set
of φt (x, v, τ ). If there is no invariant measure supported in A˜c \ A˜, then M˜ is also contained in
the ω-limit set of φt (x, v, τ ). According to the definition of F , we can choose a closed 1-form
λ on M × T with [λ]M = c and such that λ|U = 0, here U is a neighborhood of A in M × T.
It implies that φt (x, v, τ ) is a homoclinic orbit to A˜ in this case. Note that φt (x, v, τ ) /∈ A˜, so
[π ◦φt (x, v, τ )]M 	= 0. But hc([π ◦φt (x, v, τ )]) = 0 according to the construction of φt (x, v, τ ).
It contradicts to the assumption that hc(g) > 0 for any g 	= 0. This contradiction shows that there
must exist c-minimal measures supported in A˜c \ A˜ and the third result of Theorem 1 is proved.
Now we will show that if (A˜c1 ∩ A˜c2) \ A˜ 	= ∅, then c1, c2 lie in a same supporting plane of
∂(F ∩P). Otherwise, the interval ac1 +(1−a)c2,0 < a < 1 will be in the interior of F ∩P . Now
there are two subcases: there exists at least one invariant measure supported in (A˜c1 ∩ A˜c2)\ A˜ or
there is no invariant measure supported in (A˜c1 ∩ A˜c2) \ A˜. We will consider these two subcases
one by one.
When there exists invariant measure supported in (A˜c1 ∩ A˜c2) \ A˜, we can choose a recurrent
orbit (γ (t), γ˙ (t), t) in the support of some invariant measure. Hence there exists a sequence Ti
of positive integers such that γ (Ti) → γ (0). Let δi = dist(γ (Ti), γ (0)). Construct a sequence of
closed curves γi : [0, Ti] → M such that
γi |[0,Ti−δi ] = γ |[0,Ti−δi ],
and γi |[Ti−δi ,Ti ] is the minimal geodesic connecting γ (Ti − δi) and γ (0). Since γ is c1-static, so
A(γi)−
〈
c1, [γi]M
〉→ −α(c1).
Similarly,
A(γi)−
〈
c2, [γi]M
〉→ −α(c2).
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〈
ac1 + (1 − a)c2, [γi]M
〉→ −(aα(c1)+ (1 − a)α(c2)).
This is to say,
aα(c1)+ (1 − a)α(c2) α
(
ac1 + (1 − a)c2
)
.
Together with the fact that α is a convex function, we have
aα(c1)+ (1 − a)α(c2) = α
(
ac1 + (1 − a)c2
)
.
So γ is also (ac1 +(1−a)c2)-static. It contradicts to the result that A˜= A˜c when c ∈ Int(F ∩P).
When there is no invariant measure supported in (A˜c1 ∩ A˜c2) \ A˜, all the orbits in
(A˜c1 ∩ A˜c2) \ A˜ are M˜-semi-static homoclinic orbits to A˜. Choose one orbit (γ (t), γ˙ (t), t),
then [γ ]M 	= 0 and hck ([γ ]M) = 0, here k = 1,2. When 0 < a < 1, we have
0 < hac1+(1−a)c2
([γ ]M)
= h([γ ]M)− 〈ac1 + (1 − a)c2, [γ ]M 〉
= ahc1
([γ ]M)+ (1 − a)hc2([γ ]M)
= 0.
It is absurd and this proves the fifth result of Theorem 1.
The proof of Theorem 1 is completed.
6. Proof of Theorem 2
In this section we will prove Theorem 2. The proof is based on Mather’s curve shortening
lemma [8]. We choose, once and for all, a C∞ Riemannian metric on M . This gives rise to a
Riemannian metric on TM in a canonical way. So we have distance function on M and TM de-
fined by Riemannian metric on M and TM respectively. Now we give Mather’s curve shortening
lemma [8]:
Lemma (Mather). If K > 0, then there exist , δ, η,C > 0 such that if γ1, γ2 : [t0 − ,
t0 + ] → M are solutions of the Euler–Lagrange equation with |γ˙1(t0)|, |γ˙2(t0)|  K ,
dist(γ1(t0), γ2(t0)) δ, and
dist
((
γ1(t0), γ˙1(t0)
)
,
(
γ2(t0), γ˙2(t0)
))
 C dist
(
γ1(t0), γ2(t0)
)
,
then there exist C1 curves a, b : [t0 − , t0 + ] → M such that a(t0 − ) = γ1(t0 − ), a(t0 + ) =
γ2(t0 + ), b(t0 − ) = γ2(t0 − ), b(t0 + ) = γ1(t0 + ), and
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b)
 η dist
((
γ1(t0), γ˙1(t0)
)
,
(
γ2(t0), γ˙2(t0)
))2
.
From the proof of this lemma [8], we can assume that γ1|[t0−,t0+] ◦ (−b) ◦ γ2|[t0−,t0+] ◦
(−a) is contractible. In fact, Mather proved this lemma in some coordinate neighborhood.
Now we prove Theorem 2.
If hc(Gc) = 0, then for any M˜-semi-static homoclinic orbit (γ (t), γ˙ (t), t mod 1) in H˜c ,
we have (γ (t), γ˙ (t), t mod 1) ⊂ A˜c, and there is nothing to prove. We may assume that
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for any (γ (t), γ˙ (t), t mod 1) in A˜c or any M˜-semi-static homoclinic orbit in H˜c . If Theorem 2
is false, there will exist γ1, γ2 :R → M which are the solutions of the Euler–Lagrange equation
and t0 ∈ R with |γ1(t0)−γ2(t0)| δ and |(γ1(t0), γ˙1(t0))− (γ2(t0), γ˙2(t0))|C|γ1(t0)−γ2(t0)|
for δ,C > 0, here δ,C,  are determined by K as in the above lemma. It is well known that π |A˜c
is bi-Lipschitz map, so we may assume that (γ1(t), γ˙1(t), t mod 1) is an M˜-semi-static homo-
clinic orbit (γ (t), γ˙ (t), t mod 1) in H˜c . There are three possibilities for γ2: lies in A; lies in
Ac \A; or lies in H˜c. In the following we will obtain contradiction one by one.
Case 1. In this case, there exists a curve γ2 ⊂ A and t0 ∈ R with |γ1(t0) − γ2(t0)|  δ and
|(γ1(t0), γ˙1(t0)) − (γ2(t0), γ˙2(t0))|  C|γ1(t0) − γ2(t0)|. By Mather’s curve shortening lemma,
there exist  > 0 and C1 curves a, b : [t0 − , t0 + ] → M such that
a(t0 − ) = γ1(t0 − ), a(t0 + ) = γ2(t0 + ),
b(t0 − ) = γ2(t0 − ), b(t0 + ) = γ1(t0 + ),
and
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a) −A(b) > 0.
Construct a closed, piecewise C1 curve γ3 with γ3|[t0−,t0+] = γ2|[t0−,t0+] such that
A(γ3) <
1
2
(
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b)
)
.
Since A⊂ U , we may assume that γ3 ⊂ U and this implies that [γ3]M = 0. Let
γ4(t) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
γ1(t), t  t0 − ,
a(t), t0 −   t  t0 + ,
γ3(t), t0 +   t  t0 + T0 − ,
b(t − T0), t0 + T0 −   t  t0 + T0 + ,
γ1(t − T0), t0 + T0 +   t ,
here T0 is the minimal positive period of γ3, i.e.,
T0 = min
T
{
T ∈ Z+ | γ3(t) = γ3(t + T ) for any t
}
.
Clearly, γ4 is homoclinic to A and [γ4]M = [γ1]M . Note that
lim inf
t ′i ,ti→∞
t ′i∫
−ti
L
(
γ4(t), γ˙4(t), t
)
dt < h
([γ1]M),
here t ′i , ti ∈ Z+ and limγ4(t ′i ) = limγ4(−ti ) ∈M|t=0. It contradicts to the fact that γ1 is M˜-semi-
static.
Case 2. In this case there exists a curve γ2 ⊂ Ac \ A with |γ1(t0) − γ2(t0)|  δ and
|(γ1(t0), γ˙1(t0)) − (γ2(t0), γ˙2(t0))|  C|γ1(t0) − γ2(t0)|. By Mather’s curve shortening lemma,
there exist  > 0 and C1 curves a, b : [t0 − , t0 + ] → M such that
a(t0 − ) = γ1(t0 − ), a(t0 + ) = γ2(t0 + ),
b(t0 − ) = γ2(t0 − ), b(t0 + ) = γ1(t0 + ),
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A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b) > 0.
Since γ1|[t0−,t0+] ◦ (−b) ◦ γ2|[t0−,t0+] ◦ (−a) is contractible (here, and in the following,◦ denotes the concatenation of curves), we have
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b)
= A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b)
− 〈c, [γ1|[t0−,t0+] ◦ (−b) ◦ γ2|[t0−,t0+] ◦ (−a)]M
〉
> 0.
Construct a closed, piecewise C1 curve γ3 with γ3|[t0−,t0+] = γ2|[t0−,t0+] and [γ3]M > 0 such
that
A(γ3)−
〈
c, [γ3]M
〉
<
1
2
(
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b)
− 〈c, [γ1|[t0−,t0+] ◦ (−b) ◦ γ2|[t0−,t0+] ◦ (−a)]M
〉)
.
Let
γ4(t) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
γ1(t), t  t0 − ,
a(t), t0 −   t  t0 + ,
γ3(t), t0 +   t  t0 + T0 − ,
b(t − T0), t0 + T0 −   t  t0 + T0 + ,
γ1(t − T0), t0 + T0 +   t ,
here T0 is the minimal positive period of γ3. Clearly, 〈c, [γ4]M 〉 > 0 and
lim inf
t ′i ,ti→∞
t ′i∫
−ti
L
(
γ4(t), γ˙4(t), t
)
dt − 〈c, [γ4]M 〉< hc(Gc),
here t ′i , ti ∈ Z+ and limγ4(t ′i ) = limγ4(−ti ) ∈M|t=0. It contradicts to the definition of Gc.
Case 3. In this case there exists an M˜-semi-static homoclinic orbit γ2 to A with [γ2] ∈ Gc and
t0 ∈ R with |γ1(t0)− γ2(t0)| δ and |(γ1(t0), γ˙1(t0))− (γ2(t0), γ˙2(t0))| C|γ1(t0)− γ2(t0)|. By
Mather’s curve shortening lemma, there exist  > 0 and C1 curves a, b : [t0−, t0+] → M such
that a(t0 − ) = γ1(t0 − ), a(t0 + ) = γ2(t0 + ), b(t0 − ) = γ2(t0 − ), b(t0 + ) = γ1(t0 + ),
and
A(γ1|[t0−,t0+])+A(γ2|[t0−,t0+])−A(a)−A(b) > 0.
Let
γ3 = γ1|(−∞,t0−] ◦ a ◦ γ2|[t0+,∞)
and
γ4 = γ2|(−∞,t0−] ◦ b ◦ γ1|[t0+,∞).
Clearly, [γ3]M, [γ4]M ∈ Gc and at least one of the following two inequalities is true:
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t ′i ,ti→∞
t ′i∫
−ti
L
(
γ3(t), γ˙3(t), t
)
dt − 〈c, [γ3]M 〉< hc(Gc),
lim inf
t ′i ,ti→∞
t ′i∫
−ti
L
(
γ4(t), γ˙4(t), t
)
dt − 〈c, [γ4]M 〉< hc(Gc),
here t ′i , ti ∈ Z+, limγ3(t ′i ) = limγ3(−ti ) ∈M|t=0, limγ4(t ′i ) = limγ4(−ti ) ∈M|t=0. It contra-
dicts to the definition of Gc.
So the proof of Theorem 2 is completed.
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